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Abstract

This paper examines simultaneous search behavior of a firm for the highest selling
price and the lowest wage rate. It begins by formulating simultaneous search problem
of a competitive firm, and then characterizes the optimal search. The comparative
static results and some welfare implications follow. In the end, for a possible exten-
sion, simultaneous search problem of a monopolist is considered.

Keywords: simultaneous search, competitive firm, fixed-sample-size search

1 Introduction

Through his seminal article in 1961, Stigler (1961) called attentions of the profession to
studies on individual behavior of search. By now, the literature has become huge, diverting
itself in several directions. Although it is potentially extendable to other contexts, most
models on personal search have been originally proposed as either consumer search or job
search. Few have focused on a firm’s search. This paper studies a firm’s search.

Consumer search and job search are the two most active areas of research on individual
search. Consumer search is often seen as search for the lowest price while job search is seen
as search for the highest price. So, these are in some sense two extreme cases. As discussed
below, a firm’s search contains both aspects. Furthermore, it turns out shortly that a firm’s
search behavior is different from a consumer’s, even though both of them search for lower
prices.

There has been several different search strategies that searchers may take. They in-
clude sequential strategy, fixed-sample-size (fss) strategy, and their hybrid, optimal search

strategy, among others.! Every one of these has its own advantage. So, it is not possible to
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1For instance, see Rothschild (1974) and Weitzman (1971) for sequential search, Manning and Morgan
(1982) and Morgan (1983) for fss search and Morgan and Manning (1985) and Chade and Smith (2006)
for optimal search.



claim in general which dominates which search rules.? This paper restricts its attention to
fss search in which a searcher determines how much to search before she starts searching.
The advantage of this search rule includes that a searcher may collect information more
quickly. Note, however, that our attention to this search strategy does not means that we
insist that firms follow this search rule more than others. No doubt there are some cases
in which another rule fits better.

The model of concern in this paper is as follows. Consider a firm that produces a
single commodity y by using inputs € R! where R! is an [-dimensional real space with
some integer [ > 1. Unlike standard firm models, suppose that there are several consumer
markets for commodity y and several factor markets for some input x;. Moreover, suppose
that each market is characterized by a parameter and that the firm knows the distributions
of the parameter values but is ignorant of the exact location of each value. That is, it
knows existing market types and the frequencies, but cannot tell which market is of which
type. The firm, however, can “visit” any of those markets at some cost and see its complete
characteristics. To be more specific, by canvassing a consumer market for commodity y
(or a factor market for input z;), he can learn the selling price (or the wage rate) in that
market.

In such a setup, a firm now involves two problems to solve for his ultimate purpose of
profit maximization: a conventional problem on production and an additional problem on
search. Here, not only how many units of x and y to use and produce, but also where to
buy z; and where to sell y come into consideration.

The objective in this paper is to formally formulate a firm’s problem of search in this
setup and to examine an optimal search behavior.

The paper proceeds as follows. Section 2 formally constructs a firm’s problem of si-
multaneous fss search in some simplified setting. In section 3, we characterize an optimal
simultaneous search by solving the firm problem. Sections 4 and 5 consider comparative
statics and production. In section 6, some welfare implications of the firm’s search is

discussed. To conclude, section 7 remarks some extensions and limitations of our model.

2 Firm’s Simultaneous Search Problem

The model of concern in this paper is based on the following assumptions.

Assumption 1. A firm, whose technology is represented by a function (: R*? — R, pro-

duces a commodity y by using x = (x1,z5) as inputs.

2For more discussion on this matter, see for example Morgan and Manning (1985).



Assumption 2. There is a set of competitive consumer markets for commodity y, offering

various selling prices p as a whole.

Assumption 3. There is a set of competitive factor markets for input z;, offering various

input prices w; as a whole.

Assumption 4. There is only one factor market for input z,, which is competitive and

offers an input price ws.

Assumption 5. The distributions of selling prices for y and input prices for x; are known,
but the exact location of any particular price is not except those of the lowest selling price

and the highest input price.

Assumption 6. The firm learns the selling price in a consumer market at cost ¢, and the

input price in a factor market for input z; at cost cy.

Assumptions 1-6 give a simple setup for our analysis on a firm’s simultaneous search
behavior. Of course, we can obtain more general setups under weaker assumptions. For
example, search can involve more than three prices; neither consumer markets nor factor
markets are necessarily competitive; or price locations can be completely uncertain at the
outset. Some of those cases will be discussed later.

Before proceeding, it is better for concreteness to propose a possible interpretation of
this economy. The consumer markets consist of one “domestic” and many other “foreign”
markets. The firm under consideration is an incumbent of this domestic market. The
selling price he undergoes in this domestic market is very low, so he wants to “export”
his product to a more profitable market. He knows the ranges of selling prices offered in
foreign markets, but cannot tell which price belongs to which market. Fortunately, such
information is obtainable through “marketing research” whose cost is ¢, for each market.

While the firm exports his product to a foreign market, transportation cost becomes
his concern. If x; is an input for physical distribution of commodity ¥, then the input price
for x; is the “distribution cost.” Suppose that several companies offer this distribution
service x7 at different prices. The firm under consideration knows one of the companies.
Unfortunately, this company is inferior in exporting y and charges the highest price among
all distribution firms, since it is specialized to domestic transportation. Once again, he
knows the distribution of asking prices for this service, but is ignorant of the exact loca-
tions except one. In exchange of ¢y per company, he can learn the asking prices of other
companies. Since it improves its physical distribution system, the firm’s search for the

lowest input price may be considered as “cost-reducing process R&D”.



The following notations are used throughout the paper. The lowest selling price for
commodity y is written by Apy. The highest factor price for input z; is written by Gwy.
With these, the associated price dispersions for commodity y and input x; are denoted
by [Apo, A\po] and [fwg, Owg]. By construction, we let A > 1 with A = 1 and let § < 1
with @ = 1 where A € [\, A] and 6 € [#,0]. We call py and wy as “reference prices” while A
and 0 as a “premium” or a “discount factor”, respectively.

Furthermore, the underlying cumulative distribution functions (cdf) for premium A and
discount factor 6 are written as F' and G, respectively. Together with py and wq, they
also provide the price distributions for commodity y and input x;. The probability density
functions (pdf) of F' and G are given in the associated lower-case letters, f and g.

Now we start modeling a firm’s simultaneous search problem in this setting. Here, the
firm’s problem consists of two components: production and search. That is, he decides not
only how many units of x and y to use and to produce, but also from which market to
buy x; and to which market to sell y in order to maximize his expected profit. We consider
a two-stage setup, where he conducts searches in stage 1 and begins production in stage 2.
From the firm’s viewpoint, A\ and 6 are random variables with known probabilities. So,
the search problem simplifies into a problem of choosing the numbers of observations n)
and ny, which we refer to as intensities of search.

Begin by stage 2. The firm’s problem in stage 2 is a conventional production problem.
That is, given a selling price Apy and input prices fwy and ws, it solves

max  Apoy — Owory — waxs
Y,T1,T2

subject to  y = ((x1,x2).

The objective function Apoy — Owoz; — wexs is the direct profit.®> The solution to this

second-stage problem is a set of supply and factor demand functions:

y*()‘p079w07w2)7
x} (Apo, Qwp, wa) 1 =1,2.

Substituting these into the direct profit gives the indirect profit function
T(Apo, Owo, wa) = Apoy™ (Apo, Owo, w2) — Owory(Apo, Owo, wa) — waxs(Apo, o, wy).

Note the basic properties of the indirect profit function that 7 is nondecreasing in selling

price Apy and nonincreasing in input prices wy and ws.

3Please note that the profit does not include either nycy or ngcy. It is because those costs are already
sunk.



Go to stage 1. First, consider a situation after search. By conducting search of in-
tensity n = (ny,ng), the firm observes n, premiums, Ay, -, \,,, and ny discount factors,
b1, ,0,,. For each pair of ()\;,6;), he computes the direct profit and then solves the max-
imization problem to obtain the indirect profit function m(\;po, 6w, w2). Here, i and j are
integers with 1 <7 < ny and 1 < j < ng. In sum, he has nyny profit functions to compare.

For his purpose of profit maximization, it is clear that he prefers \,, and 6,, defined by
/\mzmax{)\l,...,)\m} (1)

O, = min {6y, ...,0,,}. (2)

since 7(Appo, Omwo, wa) > T(A;po, Ojwo, we) for any ¢ and j.
Before going to search, he can compute this 7 for each pair of (A, 0,,) € [A, A]x [0, 8].
The pdf of \,,, which is the maximum of a sample of n) independent observations from an

identical population with the pdf f, is
S mlna) = nalFOm)]™ 7 f(Am), x> 1. (3)

The pdf of 6,,, which is the minimum of a sample of ny independent observations from an

identical population with the pdf g, is
G Omlne) = noll = GO ' g(0n), 7o > 1. (1)

Let F* and G* be the corresponding cdf’s. Let n = (ny,ng) and a = (ey, cg, Po, Wo, W2).

Then the firm’s expected direct search profit net of search costs equals
H(n; o) = E[m(Ampo, Omwo, wa)|n] — nyex — nace (5)

where E stands for the expectation taken with respect to distributions F* and G*:

Sy
EWM%%MWMMZ//W%MﬁmmmW@WMﬂ%WWMww (6)
A Jo

E[r(-)|n] is termed as the expected indirect profit. The firm’s search problem is to select
intensity n so at to maximize the expected direct search profit net of search cost H(n;«)
in (5).4

4Note that H(n) in (5) is well-defined under the stated assumptions. In particular, by Assumptions 5
the firm knows the exact locations of A\ and # at the outset. So, even if ny=0 and/or ng = 0, he
has y*(Apo, Qwo, wa) and z} (Apo, Gwp, ws) and obtains 7(Apg, Gwg, ws). It is obvious for other nonnega-
tive integers. Hence H(n) is well-defined. One may want to weaken this assumption by imposing complete
ignorance of price locations. In that case, some adjustments in defining f* and ¢g* are necessary for a
well-defined H(n). For necessary adjustments that results in a well-defined H(n) (as a Lebesgue-Stieltjes

integral), see Manning and Morgan (1982), pp.205-6.




3 The Solution of Firm’s Problem

This section characterizes an optimal simultaneous search of this firm, by solving the prob-
lem set above. Before doing so, however, let us introduce some additional assumptions on
technical grounds.

The first one is about intensity n. The firm’s search problem is to select n so as to
attain a maximized H(n) in (5). Precisely speaking, this is an integer-valued problem. An
optimal n, written as n*, belongs to Z2 , where Z. is a set of nonnegative integers. However,
it becomes analytically more convenient if n can be treated as continuous variables. For

this reason, we set the following assumption.
Assumption 7. n is a nonnegative two-dimensional real.

Under this additional assumption, the firm’s simultaneous search problem now becomes
to choose n € R% that maximizes (5).°

The interior solutions may be of particular interest. To this end, let production func-
tion ¢, indirect profit function m and expected direct search profit net of search cost H

satisfy the following assumptions.

Assumption 8. Let z; = x7(Apo, fwo, wy) for i = 1,2. Then, ( is differentiable in 2 and

satisfies 9

zi—ai 0%

— oo, i=1,2.
Assumption 9. 7(\,po, Omwo, ws) is differentiable in A\, pg, 0,1 and ws.
Assumption 10. H(n;«) is twice differentiable in n and .

Assumption 8 makes productions at z € (x1,00) X (3, 00) essential and ensures positive
search intensities. Assumptions 8 and 9 together make calculus approach relevant to this
problem.

The following two propositions characterize the profit-maximizing search intensity of

the firm under the stated assumptions.

Proposition 1. An optimal search intensity n* = (n},njy) satisfies

X 0 OF* (A ln
/ / 7T (AmPos Qmwo,wg)fg”\)g*(émmg) A\, dO,, = ¢y (7)
A Jo U2\

5This is convention in the profession on this subject. One justification for it is that errors resulting
from this assumption are not great in the sense that two n*’s, one from real-valued problem and one from
original, differ by less than 1 if H is strictly concave. See Manning and Morgan (1982), p.206.



and
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Proof. For the interior solution, necessarily DH = 0 holds. (7) and (8) are just this

rearranged. O

Proposition 1 states that the optimal intensity of search equates the marginal benefit of
search with its marginal cost. The LHS of (7) is OF[m|nyx, ng]/On,, meaning the marginal
expected profit resulting from additional increment of search for A. The RHS is its cor-
responding cost. Similarly, the LHS of (8), OE[r|ny, ng]/Ong gives the marginal expected

after-search profit arising from additional search for §. The RHS is its cost.

Proposition 2. (7) and (8) represent a local optimal search intensity if, for n = n*,

P— 82 * >\mn
[/ / ﬂ-()\mp(:h emw();wZ)%g*(em’nG) d)\m d9m
A Jo )
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Further, if (9) holds for all n € R2, then (7) and (8) represent global optimum.
Proof. In Appendix 1. O

The condition that (9) imposes on the optimal search is that, in some neighborhood
of n*, “own effects” on marginal benefits of search must outweigh their “cross effects”.

We cannot determine whether the inequality holds in general. From Corollaries 5 and 6
in Appendix 2, we know that the LHS of (9) is positive and the RHS is nonnegative under

Assumption 8. Beyond that, more specific formula for f and g are necessary.

4 Comparative Statics

The firm’s problem in our setting involves two stages: stage of search and stage of pro-
duction. Of particular interest is how a firm’s search behavior changes if the environment
of search or the environment of second-stage production changes. These are problems
concerning comparative statistics.

Suppose that in some neighborhood of n*, (9) holds. Then, by Proposition 2, a (locally)

optimal search intensity exists. Moreover, since this implies that D?H (the Hessian of H)



is nonzero, (in principle) we can locally solve implicit relations (7) and (8) for the optimal n

as functions of parameters. That is, with a = (cy, ¢g, po, Wo, W2)
ny = ni(a) (10)

ng = ng(a). (11)

Substituting these into (5) provides the firm’s expected indirect search profit net of search

costs
o(a) = H(n"(a);a) = E[r(Ampo, Omwo, wo)|n ()] — ny(a)en — ng(a)ey. (12)

In what follows, we examine the effect of changes in parameter o on the optimal search
intensity n*. The meaning of changes in ¢y, ¢y and ws is clear. An increase in py means
that the distribution of selling prices is scaled up by a constant proportion. Of course, this
increases both of the mean and variance. So, it is a special kind of increasing risk. The

implication of an increase in wy is similar.

Proposition 3. Suppose that (9) holds for n =n*. Then,

(i) the optimal search intensity for the highest selling discount factor A, is nondecreasing
with scale changes in the distribution of selling prices. That is,
on}

dpo

>0, (13)

(ii) The optimal search intensity for the lowest discount factor 6,, of input x1 is indepen-
dent of scale changes in the distribution of selling prices py. That is,
on;

dpo

~0. (14)

(111) The optimal search intensity for the highest selling discount factor A, is independent
of scale changes in the distribution of discount factors of input x1. That is,
ony

awo

~0. (15)

(iv) The optimal search intensity for the lowest discount factor 0, of input x1 is nonde-
creasing with scale changes in the distribution of discount factors of input x1. That

18,
ony,

8w0

> 0. (16)



(v) The optimal search intensity for the highest selling discount factor A, is independent
of changes in prices of input xo. That is,
on}

awg

~0. (17)

(vi) The optimal search intensity for the lowest discount factor 0, of input x; is indepen-
dent of changes in prices of input xo. That is,
on;

(9w2

~0. (18)

(vii) An increase in search cost for the highest selling discount factor decreases the optimal
amount of search for the highest selling discount factor A\,,. That is,

9 < 0. (19)

(viii) An increase in search cost for the lowest discount factor of input xi decreases the

optimal amount of search for the lowest discount factor 0, of input x1. That is,

on;
acs < 0. (20)

(ixz) The optimal search intensity for the highest selling discount factor A, is independent
of changes in search costs for the lowest discount factor of input x1. That is,

on}

Jcy

~0. (21)

(x) The optimal search intensity for the lowest discount factor 6, of input x; is indepen-
dent of changes in search costs for the highest selling discount factor. That is,
on;
— =0. 22
7, (22)
Proof. In Appendix 1. O

Parts (vii) and (viii) of Proposition 3 are nothing but “the law of demand” for firm’s
search by viewing “price information” as one particular good. Parts (i) and (iv) say that
increased risk in the distributions of selling prices and input prices raises the associated op-
timal search level. The rest of the proposition shows insensitivity of firm’s search behaviors
to the other parameters.

Note that in consumer search, an increase in the list price of a non-searched-for com-
modity will increase the optimal amount of search for a searched-for-commodity if the two
commodities are substitutes (Manning and Morgan, 1982, p.210). So, the insensitivity of
firm’s search in part (vi) shows a difference in search behavior between sellers and buyers

even though both of them seek lower prices.



5 Expected Production in Search Economy

In this section, we examine the benefit of search to a firm’s expected production in this
search economy.

Hotelling’s lemma tells us how to obtain the supply function y*(-) and the factor demand
function z(+) from a profit function 7 (+), given a commodity price p and an input price w;.
Without search, it is

aﬂ—(pv wl) %

ap =Y (p7wz)7
aﬂ-(pa wi) %

axi =Z; (p7 wz)'

The counterpart of this derivative property in our setup is
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Given a reference price py, a reference input price wy and an input price ws, the expressions
in the RHS are interpreted as the expected supply and factor demand functions. It says
that, for a non-searched-for commodity such as input x,, taking expectation of the factor
demand function 3(-) delivers the expected factor demand function, but this does not
apply for searched-for commodities. To obtain the expected supply function, the supply
function y*(-) must be weighted by its searched-for premium \,, while its expectation being
taken. Similarly, to represent the expected factor demand function, the factor demand
function x7(-) has to be weighted by its searched-for discount factor 6,,, while its expectation
being taken.

The next proposition describes a relationship between optimal search and optimal ex-

pected production.

Proposition 4. Suppose that (9) holds. Then, search brings positive marginal benefit to

expected production. That is, the expected marginal production benefit of search is positive.

Proof. For the proof, it suffices to show

_— OF*(M\|nt
| 2w O i o 8 g,y it >0, 2)
A Je 2
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These follow instantly from the Envelope Theorem, and Corollaries 3 and 4. For ex-

ample, see (23). By the optimality of the supply function y*(-), the Envelope Theorem

gives Wg/\iz:y*) = poy* that is positive under Assumption 8. Corollary 3 in Appendix 2 then
implies (23). The other claim can be established in a similar manner. O

Production does not begin until search is complete. Furthermore, production utilizes
all the findings obtained through search. Proposition 4 reflects this sequence of the firm’s

move. Note

S
* )\m *
/ / 5 Conpos Otwg, w) 2Ll g o a0, (24)
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These contrasts suggest why simply taking the expectation of y*(-) and z7(+) is not enough

to represent the expected supply and factor demand functions.

6 Some Welfare Implications

This section considers some welfare implications of simultaneous search. Specifically, we
characterize welfare-maximizing simultaneous search and then figure out the following is-
sues. (1) Does profit-maximizing search maximize social welfare? (2) If not, how does it
different from welfare-maximizing search? (3) At least, does it make society better-off?
To address these, we need clarify what we mean by “society”. In what follows, we

interpret both of inputs x; and x5 as labor.

Assumption 11. Society is composed of a firm under consideration, its consumers and its

employees (the laborers of x; and x3).

Assumption 12. Each commodity market has an identical representative consumer and

each labor market of x; has an identical representative laborer.

A representative consumer’s indirect utility and that of a representative laborer of z;

are denoted, respectively, by

ve(p) = ve(p, I.) = max u(y,z) subject to py+ z =1,

Y,z

vi(w;) = vi(w;, I;, L) = max wu(z, L —x;) subject to z = wx; + I, (25)

2,Tq



where I, and [I; are exogenous initial endowments of a consumer and a laborer of x; respec-

tively, z, a numéraire and L, total time available to each laborer.%

Assumption 13. Social surplus is a sum of firm’s profit and the indirect utility of its

consumers and employees.

Under these additional assumptions, social surplus is simply written as
T(AmPo, OmWo, wa) + ve(AmPo) + v1(Omwo) + va(ws).

In this simplified setting, we discuss the welfare implications of simultaneous search.

6.1 The Welfare-Maximizing Simultaneous Search Problem

First, we formulate the problem of welfare-maximizing simultaneous search. The expected

social welfare net of search cost is written as

W(nia) = H(na) + / ) o) s+ / \Ornt0)g" (Bun 1) dB. (26

The problem of welfare-maximizing simultaneous search is to maximize (26) with respect
to n.

For technical reasons, we add two conventional assumptions on functions W, v, and v;.
Assumption 14. W(n,«a) is twice differentiable in n and «a.
Assumption 15. v.(-) and v;(-) are both differentiable in their arguments.

The next two propositions parallel Propositions 1 and 2. They characterize a socially

optimal intensity of simultaneous search.

Proposition 5. Suppose (9) holds. The welfare-mazimizing search intensity n** = (n}*, ny*)

satisfies
a m|T * A 8 m|T
// AmPo; Om o, W) r E%J ) (9m|”0)Cl)\mdﬁm=c,\—/A Uc(AmpO)ngL)\')\)dAnw
(27)
e 09" (6o ’ 0" (Bl
AmPos Ormwo, “(Am 7md)\m db,, = co— O, +d0 )
//\/ew( D0, Omwo, wa) f*(Am|ny) e Co /le( wo) o
(28)

STt is noted here for later reference that we are imposing Walras’s law (or equality constraint) in each
maximization problem. One implication of this is that marginal utility of income is positive.



Proof. For the interior solution, DW = 0 necessarily holds. These are just this rearranged.

O

Proposition 5 says that welfare-maximizing search equates marginal expected social
benefit of search to its marginal expected social cost. The difference from Proposition 1
that characterizes profit-maximizing search is that marginal expected costs of search now
include costs incurred by consumers and employees. It is noted that Corollaries 3 and 4 in

Appendix 2 imply

A
/ vc(/\mpo)af ( m‘n)\) d)\m S 07
A
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since v.(+) is nonincreasing in A,,po while v;(+) is nondecreasing in 6,,,wp.

Proposition 6. (27) and (28) represent (local) welfare-mazimizing search intensity if, at

*k

n Y
M PF Anlna) . g P F* (i)
/\ A 7T-()\mp07emllUwaQ> 8”)\2 g (em’n0) d)\m dem < _A Uc()\mp())T/\Q d)\rm
B (29)
Om|m 0 0%g* (0,1
/ / mva mw07w2)f( m| ) g( | 9) d)\mdem < - / vl(gmwo)%demv
] Ty
(30)
and
A 2 [x
{ / / m"“) G (Oalng) dAom dOy + / vc(/\mpo)w d/\m}
by 5n>\
0g* (Om1o) ’ " (Oum|)
Am 7(1)\ b, Opwo) ————= db,
[ / / ) L + / (O =
2
d\,, do . 1
[ / / Sl S 0) 43, 00, (31)
Further, if (29)-(51) are true for alln € R, (27) and (28) give global maximum.
Proof. In Appendix 1. O

Notice first that none of these holds in general. For both of (29) and (30), Theorem 2
and Corollaries 2, 5 and 6 in Appendix 2 imply that the both sides of the inequalities may
be negative. For (31), the both sides may be positive.



The economic meaning of these conditions is given as follows. (29) says that, in expec-
tation, firm’s marginal profit must be more sensitive to search than consumer’s marginal
utility. Similarly, (30) states that, in expectation, firm’s marginal profit must be more
sensitive to search than employee’s marginal utility. One possible interpretation for (31)
is that “own effects” on marginal benefits of search in society must outweigh their “cross

effects” in society.

6.2 Social Sub-optimality of Firm’s Search

Suppose that (29)—(31) are all satisfied. Then, the next proposition answers our first

question.

Proposition 7. Suppose that (9) and (29)-(31) hold. Then, profit-mazimizing search does

not mazimize social surplus.
Proof. In Appendix 1. O

The next proposition exhibits how profit-maximizing search differs from welfare-maximizing

search.

Proposition 8. Suppose that (9) and (29)-(81) hold. Letn* and n** be intensities of profit-

mazimizing search and welfare-mazimizing search, respectively. Then, n* > n** holds.
Proof. In Appendix 1. O

Proposition 8 states that whether it is for the lowest prices or the highest prices, a

profit-maximizing firm searches too much relative to social optimum.

6.3 Does Search Make Society Better-Off?

Search changes a resulting economy. Proposition 7 shows that firm’s profit-maximizing
search fails to maximize social welfare, but is it still worth doing for society?

An obvious measure for this argument is surplus difference between the two economies,
with and without search. If a firm chooses intensity n* > 0, then the expected social surplus
in this search economy is equal to W (n*(a); ) in (26). In contrast, without search, social
surplus becomes

T(Apo, Owo, ws) + ve(Apo) + v1(Bwo) + va(ws).

In comparison, search is beneficial if the surplus difference is positive, and is harmful if it

is negative.



After rearrangement, this is to compare the firm’s profit difference

B(a) — m(Apo, éwo, ws) (32)

with the total utility differences of consumers and laborers

X 0
—/A Ve(Ampo) [ (Am|na) d\ + ve(Apo) —/9 01 (0,w0)g* (O |ng) B, + vi(Owy). (33)

By the properties of 7(-) and v;(-), both (32) and (33) are nonnegative. So, clearly, there
are conflicts between a firm and its customers and laborers.

While profit is monetary, utility is a subjective measure. Hence, it is helpful, especially
in practice, to reexpress the utility difference in (33) in monetary scale. It is noted, however,
that utility theory is purely ordinal in nature and thus all we can do is approximation.

One useful tool for this purpose is Hicks’s equivalent variation (EV). To derive it, first
rewrite consumer utility and laborer i’s utility by using indirect money metric function:

ec(p', ve(p)) = min p'y + £ subject to uc(y, 2) = ve(p)
y,Z

e;(vi(w;)) = min 2 subject to u;(2, L — ;) = v;(w;)
where p and p’ are two different prices of commodity y.
For consumer utility in economies with and without search, set p = \,,po for an economy
with search and p = Apy for an economy without search while setting p’ = Apy for both

economies to get
BC(APO, Uc()\mPO)) = ApO Q@pm vc<)\mp0)) + E(ApOa UC(AmPO))

ec(MOv Uc(APO)) = Apo g(MOv Uc(Ap())) + 2(@0, Uc(Mo))-

For laborer 1’s utility in economies with and without search, set w = 6,,w, for an economy

with search and w = Qw, for an economy without search to have
e1(v1(Omwo)) = Z(v1(Omwo))

e1(v1(Bwo)) = 2(v1 (Bwy)).

The expected EV for consumer, E'V,, is obtained by taking the difference of the above e,.’s

and then taking the expectation with respect to F™*, so that

A
EV, = / 00 5200, 20 ) + 5000, 0empo))] £ O 122) do

= Apo §(Apo, ve(Apo)) — Z(Apo; ve(Apo))-



Likewise, the expected EV for laborer 1, EV) is derived by taking the difference of the

above e;’s and then taking the expectation with respect to G*, so that

BV = [ 4010 O ) @8, = 201 0

0
_ / Orntio i1 (01 (Omt00)) g (Bunle) Ay — B i1 (1 (Buv)),
0

where the last equality follows from the constraint in the original problem in (25). Applying

these, we summarize this discussion as follows.

Proposition 9. Suppose that (9) holds. Search is worth doing if ¢(a) — 7(Apo, Owo, wa) >
—EV, — EV} holds.

7 Extensions and Limitations

In this paper, we analyzed a simultaneous fixed-sample-size search problem of a competitive
firm. To conclude, we remark some extensions and limitations of the model presented in
this paper.

The model discussed above is based on several assumptions. While some are essential
assumptions to construct a firm’s search problem, others are rather for simplifying purposes.
For example, multiple-markets setting in Assumptions 2 and 3 are essential, but markets
need not be competitive if one condition explained below is satisfied.

Consider a monopolist. He faces a set of consumer markets, each of which has a well-
defined, downward-sloping inverse demand function p(-) € P where P represents a set
of inverse demand functions for commodity y in the economy. Furthermore, as before, he
knows the distribution of demand functions he faces (i.e., market types) and the frequencies,
but is ignorant of the exact location of any specific function. Let the rest of the setting
remain the same.

Begin with stage 2. The monopolist problem in this stage is production problem. That
is, given inverse demand p(-) € P and input prices fwy and w,, he maximizes direct
profit p(y)y — ¢(y) with respect to y, where ¢(y) is the firm’s cost function for a fixed y
such that

c(y) = c(wp, w2, y) = min Owory + wewy subject to ((x1,22) = y. (34)

Z1,22
Let y* be the monopolist’s optimal supply. Then, it necessarily satisfies

_ 9c(y)
oy

B 4 o) (35)



The argument minimum in (34) at y* gives the monopolist’s input demands x}. Substituting
these into the direct profit yields indirect profit .

Go to stage 1. By conducting search of intensity n, a monopolist observes n) inverse
demand functions, pi(-),p2(-),...,pn, (), and ny discount factors, 6,0s,...,0,,. Let i
and j be integers such that 1 <7 < ny and 1 < j < ny. For each (p;(-),0;), he considers a

maximization problem such that
max Pi(y)y — c(0;wo, wa, y). (36)

Let y;; be the profit-maximizing quantity supplied for this (p;(-), 0;)-pair and let p;; = pi(y;;)
be a selling price associated with this quantity. The monopolist’s indirect profit 7 for this
pair (p;(-),6;) is then

Tij = pijy;j - C(ij07w27y;<j)
In case of n intensity of search, the monopolist obtains in total nyng indirect profits to
compare.

Before going to search, he can compute y;; for each possible pair of (pi(-),0;). Fix 0;
and consider a set P’ = {p;; € Ry : ¢ is such that p;(-) € P}. Since p;; € P’ is a real
number, we can place p;(-) in ascending order to construct an increasing sequence (p)(-)) =
P1)(),p2) (), - Py (+)) for the fixed 0;. If ordering of pi(-) in (ps)(-)) does not change
with §;, then this s successfully captures the profitability of demand functions p(-) € P,

since 7 is nondecreasing in selling price. That is, in that case, if we let

(s = Pes) (W) ui; — (Ui,

then s satisfies m(,41); > 7(s); for any j.
If the demand functions p(-) € P can be ordered according to profitability, then it holds
that for any intensity n
n* > m;; for any 7 and j,

where 7*

is indirect profit when the monopolist faces inverse demand function pg,,(-)
and discount factor #,,. Therefore, it is clear that, out of n) inverse demand functions,
p1(-),p2(+), -, pn, (), and ny discount factors, 61,0,,...,6,,, he chooses p(,,) and 0,,. In
other words, the monopolist simply seeks the most profitable consumer market for com-
modity y and the lowest input price for input x;. The monopolist’s objective function in
his search problem then becomes analogous to (5).

The key that enables us to use the simultaneous search model of a competitive firm
to a monopolist’s search is whether we can order different demand functions faced by a

monopolist according to profitability. If this condition fails, then our formulation presented



is inappropriate since the firm’s expected profit function can no longer be written by using
pdf’s f* and g* like before. If that condition still holds, then this approach remains useful

in studying the search behavior of monopolists and monopsonists.

Appendix 1

This appendix contains the proofs of Propositions 2, 3 and 6-8 in the text.

Proof of Proposition 2. The second-order sufficient condition for a relative maximum
is that the Hessian of H, D2H, is negative definite in some neighborhood of n*. The
determinantal test for it is that every k™ leading principal minor of |D?H| is positive if k

is even, and negative otherwise. D*H is

|:HTL)\77,,\ H’I’L)\TLQ:|
Hngn)\ Hngng

h
o H _82]5(777“’”9)_/A/19 ()M “(0,|10) dop dO (37)
nAnx T 871)\2 - \ Jo T an/\z g m |70 m WWm,
O E(r|ny, n) A0 9 Ay Og" (0, |ne)
HnAng - HngnA - W - /)\ / 77() an)\ ane d)‘m d9m7 (38)
and _
O?E(m|ny, ng) Al . 0?9 (O,n|n0)
Hnena - T - /)\ A ﬂ()f (>‘m|n)\)T02 A dOp,. (39)

The first leading principal minors are (37) and (39). The determinantal test insists that
these be positive for n = n*. Corollaries 5 and 6 in Appendix 2 imply that both of them
hold, since 7(+) is increasing in A,,pp and decreasing in 6,,wy, given Assumption 8.

The second principal minor is |D?*H| = H,,,n, Hugng — [Hnyne)?- The above test insists
that it be positive for n = n*. (9) is just this rearranged.

Global optimality follows if those respective conditions hold for all n. O

Proof of Proposition 3. Here, we use the approach developed by Silberberg (1974).
The firm’s (original) problem is max, H(n;«a) as in (5). Here, n = (ny,ng) and a =
(¢x, €, Do, Wo, w2). The “primal-dual” problem of this maximization problem is min,, , ¢(a)—

H(n;a). The Lagrangean of this primal-dual problem is then

L(n,a) = ¢(a) — H(n; o). (40)



By construction, L(n*, a) necessarily satisfies the first- and second-order necessary con-

ditions for a minimum. They are
DL(n*,a) = [Ly(n*,«) Lo(n*,0)] = [Ha(n*; ) ¢o(a) — Ha(n*,0)] =0 (41)

Lpn(n*, ) Lpa(n*, )
Lon(n*, @)  Lao(n*, a)

The latter condition (42) implies that its submatrix L,.(n*, «) also satisfies the positive

D?L(n*,a) = is positive semidefinite. (42)

semidefiniteness.

Twice differentiating the both sides of (40) with respect to a gives
Laa(n7 O() = ¢aa(a) - Haa(nv Oé).

But at a neighborhood of n*, (41) ensures ¢,(«) = H,(n*, «). Differentiate its both sides
with respect to «, yielding

on*

oo = Han *, . Haa'
1) (n*, a) Ta +
By substitution, we obtain
on*
Laa - Hcm *a : .
(", a) Jda

From

OE(m|n OFE(m|n OE(m|n
Ha = [HC)\ HCg Hpo Hwo Hw2] = [_n)\ —Tg a()\(mzl,o)))\m O(ant‘vo))em 8(11)2‘ ) )

each element of H,, are calculated as
HC)J‘L)\ - _17
HC)JLQ = 07
Hc(;n)\ = 07
Hcng = _17
O?E(r|n)
H,, = ——"—\,>0,
o a(/\mpo) ony
O*E(m|n)
Hppng = 57— 73— m =0,
PO 9(Ampo) Ong
_OPE(xln) , _
6(9mw0) an,\
2
E
OE@n) oy,
(O wo) Ong

Hpn O?E(r|n)

Hwon)\ =
Hwong -

Owq Ony, =90,



B O?E(rm|n)

Hoypny = = 0.

Ows Ong

Here, the signs of the last six elements follow from the theorems and corollaries in Ap-

pendix 2 and the Envelop Theorem. In matrix notation,

-1 0
0 —1
Heon = HPO”A 0
0 Hyon,
0 0
So,
[ on} __on3 __on3 _ On} _ony ]
dc Oc, 0, ow ow
on onf o ong ons
- 803 - aC% - 8[)% - Bwao - 8105
= ny n} ny ny ny
Loo = | H it Hy i Bt oo Houn i |- (43)
g g g g g
Hugng goy Huwono ey Hwonogpe  Hwono g Hwong oy
0 0 0 0 0

To establish parts (i) and (iv) of the proposition, note that the positive semidefiniteness

of L? , implies that its first leading principal minors are nonnegative. That is,

G20 = Ghso
—gﬁfzo s 22;59),
Hpomg;fzo — 22520,
Hwongggizo — gZizo.

The last two inequalities are parts (i) and (iv) of the proposition.

By Young Theorem, D?L is symmetric. And so is Laq. The symmetry of L* , implies

Ll "
I 2 (25 — sign( 208 )
o = ey = slh =G (4“

SZ‘; = 0.

The last two equations are parts (v) and (vi).



L?’LTL Lna

For the rest of the statement, we need look at entire D?L =
LCKTL LCKCY

} , where

L* _ _Hn)\nA _HnAng
nn 5
_Hnem _Hnens

_Hn)\cA _Hn)\c,\ _HnApo _Hn)\wo _Hn)\w2i| _ L* T
an °

L, =
UTION UTION ngpo ngwo news

By direct calculation, D?L is written as

__9%E(x|n) _ 9%E(r|n) 1 0 __9%E(r|n) __9%E(x|n) 0 _9%E(r|n)]
8n§\ 3n)\3n9 an)\a(/\mp()) m 8n>\8(9mw0) m 8n;3w2
__0%E(x|n) __0?E(r|n) 0 1 ___9*E(xnn) ___0?E(r|n) __0%E(x|n)
Ongony Bng i i Ongd(Ampo) "M Ongd(Omwp) =M IngOwsa
1 0 G I 0 0 0
ey dcqy
0 1 I 0 0 0 0
6*E(xin) 0% E(xin) S
_ 8732%(5\71))()) m - 67(;92%( E\"“p)o) m 0 0 0 0 0
_8nA62(0mw0) m _6n9(92(9m'w0) m 0 0 0 0 0
9?E(r|n) 0°E(r|n)
- (911)\811)2 - Bngawz 0 0 0 0 O

The positive semidefiniteness of D?L*(n*, ) ensures that all of its principal minors be

nonnegative. In particular, this implies that the following principal minors M; and MJ are

nonnegative:
9% E(n|n) 1 on*
I T on? n)\
M, = ‘ 1 Y |20 = dcy — PE(ln) (47)
6C>\ Bni
9%E(n|n) on*
n | on2 Ty
My=1 1" _om|20 = 50= ZEam <0
309 6TL2

(4

where M} consists of D*L’s first and third rows and columns while M} consists of its
second and fourth rows and columns. Because 7 is increasing in \,,,po under Assumption 8,
Corollary 5 in Appendix 2 insists 82%’;") < 0. Applying this to the above inequalities
establishes parts (vii) and (viii).

Lastly, to show parts (ii), (iii), (ix) and (x), consider the following third principal
mninor Ms

9%E[rn|n]
- B
_ ony ony
M3 - 1 T 0cy  Ocy |’
0 _Ong 9y
aCA 8(19

which consists of D2L’s first, third and fourth rows and columns. The nonnegativity of Ms;

implies that
on;, o Ony Ony O} Ong| O*E(r|n)

Ocy — | Ocy Ocy  Ocy Ocy, on3




Rearranging the terms and then applying (47) gives

Ony Ong  Onj Ong < Ong 1 ony, On,
dcy Ocy dcg Ocy | — Ocy % ~ Jcg 86)\.
X

Together with (44), this proves parts (ix) and (x). Together with (45) and (46), this in
turn establishes parts (ii) and (iii). O

Proof of Proposition 6. The second-order sufficient condition for a local (global) max-
imum is that the Hessian of W, D?*W, is negative definite in some neighborhood of n**
(for all n € R? respectively). The determinantal test for this condition is that every jth
leading principal minor of |[D*W| is positive if k is even, and negative otherwise. (29)-(31)

just restates these requirements. O

Proof of Proposition 7. It suffices to show that n* # n**. By Propositions 1 and 5,
ny = n3" holds if and only if H,, = W, holds. From (7) and (27), the latter holds if and
only if

X *
A

5n,\

e()
B(Ampo) - O’
since v, is nonincreasing in \,,po. However, it is not possible under the stated assumptions,

8?:;(1.))0) = 0 implies y* = 0 but Assumption 8 ensures y* >

0. The other claim, nj # ny*, can be established analogously. [

Corollary 3 implies that this is the case if and only if v, is constant over p, or

since together with Roy’s identity

Proof of Proposition 8. Under the stated conditions, n* and n** exist. We show n} >
ny: . The proof of the other claim is similar. First, given Assumption 8, 7 increases in A,,po.
So, Corollary 5 implies that H,, decreases in n,. Given (29), W,,, decreases in n, as well.

From Corollary 1 together with the above proof of Proposition 7, we have

A OF* (\mlna)
Ve(Am —=d\,, > 0.
[ ) 2

So, H,, > Wnj holds for any n,. Both H,, and W,,, are monotonic, and hence invertible.
Hence, H,1(0) = n} > ny* = W, '(0) follows. O

n



Appendix 2

In this appendix, we present six corollaries of Theorem 1 and 2 by Manning and Morgan
(1982), all of which are repeatedly referred to in the proof of the propositions as well as in
the text.

Let f* be the pdf of the maximum of a sample of n, independent and identically
distributed observations from a population with pdf f and cdf F'. Likewise, denote by ¢g* the
pdf of the maximum of a sample of n,, independent and identically distributed observations
from a population with pdf ¢ and cdf G. Let us assume that both of the support of f and ¢
are reals R. Lastly, h is a differentiable function.

First, we replicate Theorem 1 and 2 by Manning and Morgan (1982) for reference.

R

Iny = ’ CTZ/

Theorem 1.
§ 0, forall ye R. (48)

Theorem 2.

g (ylny) dh
h(y)—2—~2 gy = — 20, forallyeR.
/R (y) an,? y=0, as < 0, for all ye

The next two corollaries are maximum counterpart of these theorems.

Corollary 1.
af*(z|n, dh
/h(:):)f(x‘n)dxz(), a 20, for all z€ R.
R

on, < o
Proof. From (3),
Of* (z|na)
Oong,
There exists a unique x = r such that

=[1+n,In F(z)]F(z)" " f(z). (49)

1+nw1nF(x)§0 as r =,

VIA

since f is a pdf. Thus,
Of* (x|n.)
on,

Suppose that 9 > 0 for all € R. Then h(z) ; h(r) when x § r, and

/R )2 lne) /rh(x)af*(m) e /h@@f*%mwdm

< <
>O as T < .

T O (@ng) Of*(x[na)
> / h(r) B, dx + /Th(r, Y) o, dx
Of*(z|ns)
=h ——————dx =0
o) [ g i
since f* is a pdf. A similar argument applies if % <0. OJ



Corollary 2.

Pf(zng) , = dh —
/R2h( )Tdﬂjz 0, as % ;O, for alll‘GR

Proof. From (49),

0% f*(x|n.)

on? 2+ n,InF(z)]F(z)™ ' InF(z) f(z).

Since f is a pdf, there is a unique = = r’ such that

24n,mF(z)Z0 asz =7’
Thus,
Af*(z|ny
fgzln)SO asxir’.

Proceeding as in Corollary 1 completes the proof.
From the above four theorems and corollaries, the next statements are immediate.

Corollary 3.

8 xnm oh -
//]R2 of (wlna) . (y|ny)dxdy—0 asa—<0 for all (z,y)€ R

:I?

Proof. Corollary 1 implies that, fixing y € R,

3f*(y|nx > oh - 2
h —2 "dx =0 5 — = 0, f 11 R~.
/R (Ivy) 8n1 £ < as or < , lora (x,y)e

Integrate over y, resulting the claim.

Corollary 4.

// (x,y)f ]n%)aga(y| ny) dx dy ; 0, as gh § 0, for all (z,y)€ R
Ty Y

Proof. Theorem 1 implies that, fixing x € R,

@g*(ylny) > h ~
h ——dy=0 — =0, f 11 R.

Integrate over x, resulting the claim.

Corollary 5.

P f(zlng) > oh < 2
//R2 h(z,y)———= 2 g (ylny) drdy Z 0, as I > 0, for all (z,y)e R



Proof. Corollary 2 implies that, fixing y € R,

62 <y|nx > ah 2
/Rh(x,y)deZ 0, as S =0, forall (z,y)€ R%

Integrate over y, resulting the claim. O

Corollary 6.

2k h
// (x,y)f a:|ngg)a ( | ) dx dy as gy ; 0, for all (z,y)€ R
R? y

Proof. Theorem 2 implies that, fixing z € R

9%g* (y|n,) oh
h(z,y) LI gy = — 20, forallyeR.
/R (z,y) 5 =0, as dy < 0, forall ye

Y

Integrate over z, resulting the claim. O
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