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Π C

p

p0

n

C X

p̂ = X/n N(p, p(1−
p)/n)

1. α

2. H0 : p = p0

H1 : p > p0 H1 : p < p0

H1 : p ̸= p0

3. H0 p̂

: Z =
p̂− p0√
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N(0, 1)

4.
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1.96 α = 0.01 z(0.01) = 2.576

n = 100

60

5%

H0 : p = 0.5 H1 : p > 0.5

p̂ = 60/100 = 0.60 (1)

z =
0.60− 0.50√

0.5× (1− 0.5)/100
= 2.00.

%

1.645 H0

z = 2.00

P- P- 0.02275

.

N(µx, σ2
x), N(µy, σ2

y)

m n

X̄, Ȳ

X̄ ∼ N

(
µx,

σ2
x

m

)
, Ȳ ∼ N

(
µy,

σ2
y

n

)

σ2
x = σ2

y

1. α

2. H0 : µx = µy

H1 : µx > µy µx < µy

H1 : µx ̸= µy

3. σ2
x σ2

y U2
x U2

y

U2 =
(m− 1)U2

x + (n− 1)U2
y

m+ n− 2

H0

: t =

√
mn

m+ n

X̄ − Ȳ

U
(2)

m + n − 2 t-

4.

t

m+ n− 2 t- %

σ2
x = σ2

y

X : (8.82, 10.68, 10.02, 11.47, 9.01)

Y : (10.44, 12.08, 12.59, 11.12, 11.49,

9.71, 11.02, 9.55)

H0 : µx = µy

H1 : µx < µy 5%

x̄ = 10.0 ȳ = 11.0 U2
x = 1.2491

U2
y = 1.1471 U2 = 1.18416

t =
10− 11√
1.18416

= −1.6120.

11 t- 5% t11(0.05) =
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0.06763
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9 : 3 : 3 : 1

9/16, 3/16, 3/16, 1/16

k = 4

goodness of fit test

B1 B2 · · · Bk

n1 n2 · · · nk n

m1 m2 · · · mk n

p1 p2 · · · pk 1

mi = npi, (i = 1, 2, . . . , k)

mi

M(n1, n2, . . . , nk)

=
n!

n1!n2! · · ·nk!
pn1
1 pn2

2 · · · pnk

k ,

pi > 0,
k∑

i=1

ni = n. (3)

χ2

χ2 =
k∑

i=1

(ni −mi)
2

mi
(4)

k − 1 χ2

5% H0 :

H1 :

k − 1 χ2-

5% χ2
k−1(0.05)

χ2 ≥ χ2
k−1(0.05)

H0

21 19 25 35 100

100/4 = 25 (4)

χ2- χ2 = 6.08

3

5% χ2
3(0.05) = 7.8147

P- 0.10778

Permutation test
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.

3
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3
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3
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14 2,
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.

B(n, p) n

x p̂ = x/n

H0 : p = p0

H1 : p > p0 H1 : p < p0

H1 : p ̸= p0

2.1 n
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permutation distribution
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5%

B(15, 1/2)

x 0 1 2 3

Pr(x) 0.0000 0.0005 0.0032 0.0139∑
Pr(x) 0.0000 0.0005 0.0037 0.0176

x 4 5 6 7

Pr(x) 0.0417 0.0916 0.1527 0.1964∑
Pr(x) 0.0592 0.1509 0.3036 0.5000

2.1

Z =
X − np√
np(1− p)

=
4− 7.5√
15/4

= −1.8074

−1.645 5%

P- 0.03535

n
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1 n = 15, p = 0.5
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Pr(X ≥ 60) = 0.028444

z =
x− np√
np(1− p)

=
60− 50√

25
= 2.0

→ Pr(Z ≥ 2.0) = 0.022750

z =
x− 0.5− np√

np(1− p)
=

59.5− 50√
25

= 1.9

→ Pr(Z ≥ 1.9) = 0.028717

n

.
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x 0 1 2 3 4 5 6 7

0.0000 0.0005 0.0037 0.0176 0.0592 0.1509 0.3036 0.5000

≤ x 0.0001 0.0004 0.0023 0.0101 0.0354 0.0984 0.2193 0.3981

≤ x+ 0.5 0.0002 0.0010 0.0049 0.0194 0.0607 0.1508 0.3028 0.5000
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X̄ − Ȳ
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87 10.0

P- 87/1287 = 0.06760

5%

X̄ P- X̄

P-

Z =
10− 10.6154√

0.3823
= −1.5143

=⇒ P- 0.06498

t-

2.2 P- 0.06763

.

χ2- 2.3

P-

k = 4 n = 100

k n

k (n1, n2, . . . , nk)

n1 + n2 + · · · + nk = n

N(k, n) =

(
n+ k − 1

k − 1

)
(7)

k = 4 n = 100

(n1, n2, n3, n4), n1 + n2 + n3 + n4 = n

N(4, 100) =

(
103

3

)
=

176, 851

k = 4 χ2-

(4)

H0 : p1 = p2 = p3 = p4(= 1/4) *6

χ2 =
4

n

4∑
i=1

(
ni −

n

4

)2

(8)

N(4, 100) = 176, 851
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H0 P-

χ2
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P- χ2-

8

*6 H0 :
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P- 176,851

4.1

8 P- χ2

χ2

%

0.5 12.80 0.00489 12.838

1.0 11.44 0.00966 11.345

2.5 9.44 0.02309 9.348

5.0 7.84 0.04932 7.815

χ2-

P- χ2

P- P-

P-

2.3 P-

N(4, 100) = 176, 851

χ2-

P-

χ2 = 6.08 P-

P-

72 P-

0.103622 0.107107

0.105120 χ2-

χ2
2(6.08) = 0.107782

P-

P- permutation test

5.1 5.2 5.3

5.4

.

RCN relative category number

A(k) = (n1, n2, . . . , nk),

k∑
i=1

ni = n. (9)

A(k)

RCN(A(k))

−1 +1

Matsui [8] [14]

n k

n1 + n2 + · · · + nk = n

(7) N(k, n)

(n1, n2, . . . , nk)

RCN

k A(k)

k ≥ 4

[14]

RCN

−1 ∼ +1

9

2.3

-

P-

4.3

4.3 χ2

k = 4

k = 4 n = 100

P-

H0 : p1 = p2 = p3 = p4
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n
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4 - k = 4, n = 100

2.3

k = 4

(21, 19, 25, 35)

0.2191

N(4, 100) =

(
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3

)
=

176, 851 P-

0.2191

0.021402 P-

H0 5%

.

P-

10

1 2 3 4 5

0 1 3 4 2 10

0 1 3 5 1 10

P-

k = 5 n = 10

N(5, 10) = 1001

RCN

H0 : p1 = p2 = p3 = p4 = p5 k = 5

10

10 1001

*7*8

k = 5 9

A = (0, 1, 3, 4, 2)

RCN(A) = 0.5320

B = (0, 1, 3, 5, 1) RCN(B) =

0.3830 A

H0 : p1 =

p2 = p3 = p4 = p5

P- 10

Pr(RCA(A) ≥ 0.5320) = 0.04367

*7 P- 10

N(k, n)

P-

*8

-

H0

-

P- P = 0.1259

P- P = 0.2018
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10 - k = 5, n = 10

RCN

124 1 0 3 2 4 0.5340 0.00129 0.04230

125 0 0 6 1 3 0.5320 0.00009 0.04359

126 0 1 3 4 2 0.5320 0.00129 0.04367

127 0 1 5 0 4 0.5310 0.00013 0.04496

128 0 0 5 3 2 0.5270 0.00026 0.04509

200 1 0 3 4 2 0.3880 0.00129 0.10585

201 0 3 3 1 3 0.3870 0.00172 0.10714

202 0 1 3 5 1 0.3830 0.00052 0.10886

203 0 1 6 0 3 0.3810 0.00009 0.10938

204 2 0 2 1 5 0.3810 0.00077 0.10946
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5 P- k = 5, n = 10

A P- 0.04367

B P- 0.1089

5%

H0 A

B

.

H0 :

X m

Y n

1 m+ n

X Y

X ⇒ (1, 7, 5, 10, 2) 25

Y ⇒ (6, 12, 13, 9, 11, 4, 8, 3)

66

X Y

X Y

Rx Ry

Rx +Ry =
1

2
(m+ n)(m+ n+ 1) (10)

R̄x =
1

m
Rx, R̄y =

1

n
Ry (11)
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4.2 (6)

R̄x − R̄y =
m+ n

mn
Rx − 1

n
(Rx +Ry) (12)

Rx+Ry

R̄x

Rx −Ry = 2Rx − (Rx +Ry) (13)

Rx

P- 4.2

1 m + n

m (
m+ n

m

)

P-

P-

P- m n

m n m,n > 10

Lehmann & D’Abrera

[6]

E(Rx) =
1

2
m(m+ n+ 1), (14)

V (Rx) =
1

12
mn(m+ n+ 1) (15)

Z =
Rx − E(Rx)√

V (Rx)
∼ N(0, 1) (16)

Z =
Rx ± 0.5− E(Rx)√

V (Rx)
∼ N(0, 1). (17)

10 2.2

m = 5 n = 8 Rx = 25

13

5 1, 287

X

Rx P-

P-

35 46.6667

rank sum

fre
qu

en
cy

20 30 40 50

0
20

40
60

80

6 P-

Rx = 25

28 P-

0.0645, 0.0750, 0.0855

m n

E(Rx) = 35 V (Rx) = 46.6666 (16)

z = (25− 35)/
√
46.6666 = −1.4639

P- 0.07162 (17) z = (25 +

0.5 − 35)/
√
46.6666 = −1.3907 P- 0.08216

.

3.2 P-

m,n R

P-

P-

m,n

13
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m,n

R

Siegel

and Castellan [11]

E(R) = 1 +
2nm

m+ n
(18)

V (R) =
2mn(2mn−m− n)

(m+ n)2(m+ n− 1)
(19)

Z =
R− E(R)√

V (R)
∼ N(0, 1) (20)

11 3.2 m =

18 n = 12 R = 20

E(R) = 15.4

V (R) = 6.65379

z =
20− 15.4√
6.65379

= 1.78329.

5% 1.645

P- 0.03727

(19) z =

(20 + 0.5 − 15.4)/
√
6.65379 = 1.977135 P-

0.02401

Wilks [12]

m n 0-1 p

1− p

R p

m n

R

Pr(R = 2k) =

2

(
m− 1

k − 1

)(
n− 1

k − 1

)

(
m+ n

n

) (21)

Pr(R = 2k + 1) =

(
m− 1

k − 1

)(
n− 1

k

)
+

(
m− 1

k

)(
n− 1

k − 1

)

(
m+ n

n

) (22)

(20)

5 10 15 20 25

0.
00
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15

run

fre
qu

en
cy

7

12 11 m =

18 n = 12 P- (21) (22)

(
m+ n

m

)
=

(
30

18

)
= 86, 493, 225

R = 20

20 84, 541, 795

Pr(R ≤ 20) = 0.977438

Pr(R ≥ 21) = 0.02256

P-

m,n

14
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Permutation test P- ran-

domization test Edgington [1]

randomization model

P- Ernst

[2] population model

permutation test

permutation test
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3.2 5.4
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2.3 4.3 5.1
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[7]

Fisher [3] C.

P-

32,768 P-

N(4, 100) = 176, 851
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P-
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